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C r e a t in g a n A b s t r a c t C o n c e p t o f A d d it io n

Having used abstraction to create a set V of ob j ects that includes n -vectors
and matrices as special cases, you now need a method for performing op er-
ations on those ob j ects. For example, as with n -vectors and matrices, you
would like to be able to \add" elements u and v of V . To do so, consider
using a general binary op eration on V , denoted by © , that combines two
elements u and v of V to create a new element of V , namely,

u © v (4. 1 )

The binary operation in (4. 1 ) is called a c lo s e d binary op eration on the
set V , meaning that for any two elements u and v in V , u © v 2 V .

Observe that the details of how © in (4. 1 ) is used to combine u and v
are not speci¯ed. However, when working with a sp eci¯c set V of ob j ects,
such as n -vectors, you need to specify precisely how the op eration © is used
to combine two elements.

C r e a t in g a n A b s t r a c t a n d a n A x io m a t ic S y s t e m

Abstraction has led to a uni¯cation of addition of n -vectors and matrices
consisting of a set V together with a closed binary operation, © , on V .

M a t h e m a t ic a l T h in k in g P r o c e s s

The pair (V ; © ) is an example of an a b s t r a c t s y s t e m , meaning a set
together with one or more ways to perform operations on the elements
of the set.

The advantage of abstraction is that you can unify di®erent mathemati-
cal items together in the framework of a single set. As you have j ust seen, a
disadvantage of abstraction is that you lose properties of the sp eci¯c items
that give rise to the abstraction. As another example of this disdvantage,
recall that 0 is an n -vector that is sp ecial with regard to adding n -vectors
because,

for all n -vectors u ; u + 0 = 0 + u = u (4. 2)

Likewise, the zero matrix, 0 , is special with regard to adding matrices
because,

for all matrices A ; A + 0 = 0 + A = A (4. 3)

When you use abstraction to unify n -vectors and matrices in the set V

of ob j ects, you lose the existence of this special \zero" item. You can
overcome this de¯ciency by h y p o th e sizin g the existence of a sp ecial element
in V that has the same desirable prop erties as the corresp onding element
in the sp ecial cases. For example, you can hypothesize the existence of
a special element 0 2 V . For this element to have the same desirable
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prop erties as the zero vector in (4. 2) and as the zero matrix in (4. 3) , 0
should satisfy the following prop erty with respect to the op eration © on V :

For all elements v 2 V ; v © 0 = 0 © v = v

In summary, although abstraction results in losing properties that apply
to the special cases, one way to overcome this de¯ciency is by creating
a x io m s , which are prop erties that are assumed to hold in the corresp onding
abstract system. For instance, in this example, you create the following
axiom for the abstract system ( V ; © ) to ensure the existence of an element
of V that has the same prop erties as the zero vector and the zero matrix:

There is a 0 2 V such that for all v 2 V ; v © 0 = 0 © v = v (4. 4)

You are free to choose the sp eci¯c axioms to include with the abstract
system. Which ones you choose depend on what properties of the sp ecial
cases you want to study, the kind of results you eventually want to obtain
about the abstract system, and more. In any event, when ¯nished, the
result is the following system.

M a t h e m a t ic a l T h in k in g P r o c e s s

An a x io m a t ic s y s t e m is an abstract system together with a list of
axioms that are assumed to hold true.

The remainder of this section is devoted to the development of additional
operations and axioms to create an axiomatic system that has the same
operations and properties as the special cases of n -vectors and matrices.


